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Anomalous dimensions of fields in a supersymmetric guantum
field theory at a renormalization group fixed peint
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Department of Mathematics, King’s College, Strand, London WC2R 2LS, UK

Received 27 May 1992, in final form 3 November 1992

Abstract. It is shown that any chiral superfield has an anomalous dimension equal to zero
when all the couplings of the theory in which it is contained are at a renormalization group
fixed point. It is argued that super-QED only has such a fixed point at zero coupling, and
thence that the theory is trivial.

1. Imtroduction

Despite the important implications of the behaviour of the 8 functions in a quantum
theory, very little is known for sure in most field theories away from the origin of
coupling constant space. One reason for this is that the zeros at the 2 function often
lie outside the range of normal perturbation theory. Such is the case for the Landan-
Ginsburg ¢* theory associated with the three-dimensional Ising model, where one must
use techniques such as the Wilson-Fisher e-expansion to locate the fixed point.

An exception to this rather disappointing situation is the four-dimensional Wess-
Zumino model. It was shown early on in the development of supersymmetry [1] that
this theory could only have a zero of the B function at the origin. The argument these
authors used was as follows: At a fixed point the theory should exhibit conformal
invariance and hence as it is a supersymmetric theory, superconformal invariance. This
implies certain superconformal Ward identities for the known conformal three point
functions in component field space. After implementing these Ward identities on the
form of the three point function in x-space, the authors show that the dimensions of
the fields are canonical. Using a previously known theorem they then conclude that
the theory must be free at a fixed point.

The purpose of this paper is to extend the above result to other supersymmetric
theories. We will begin by giving a simplified version of the Fiz argument for the

 Wess-Zumino model. This is achieved in two ways, we put their original argument in
superspace form, and we also show that the result follows as a simple consequence
of the existence of chiral superfields which carry a representation of the superconformal
group at the fixed point. ‘

2. Construction of conformal superspace

We begin by giving an argument felating the chiral and dilatation weights of a field,
which supplements that given in [2].
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The N =1 superconformal algebra in four dimensions is generated by the set
{Py.’ M.uw D, K,_,,,A, QA: Q—A':SAS S-A} (1)

where P, generates translations, M,,, Lorentz rotations, I dilatations, A chiral transfor-
mations, and (Q*/Q,4) and ($*/S;) are Majorana spinors generating super-transla-
tions and special super-translations respectively. These generators satisfy the following
Lie brackets which consitute the conformal algebra:

[ JIRTH Mpo’] = nvapa' - nprW-l- nua'MVp - nva*Mpp
[ wes ] = nva,'.r. - na.prv
(M., Kol = 70K — nuoK,

[P, K,]1=2n,D—-M,) @
[P.,D]=P,
(K., Dl=-K,
and also the following super-Lie brackets:
[Mysr Qul=30s"Q  [Mo, Qa]==36,,4"0s
(M., Sa]=30,u4"Sp [M,,, 5i1=—136,.4"5s
[Pp,sAJ=~iaM9éB [P, S4]=—i6.4"Qs
ur Qal =i0,,4"53 [Ky» Q4]=16,4"Ss
[D Qal= 2QA [D, OA] = "l@«i (3)
[D, 84] =ESA ) £D, SA] ZSA
(A, Qu]=3Qx4 [A, Qil=-3Q4
[A, Sa1==354 [A, §A] =38,
{Qu, Qs}=—2i0%;P, {84, S} =2i0%sK,,
{84, Q.B} = éEABD - ﬁEMW +eapA ) @

{Ss, Qs}=2e43D+ G55 M, —easA.
Note our conventions here are identical with those in reference [3].
In order to realize manifestly superconformal invariance in our field theories, it

will prove convenient to construct them in superspace [4], which we define here as
the coset supermanifold

N=1 superconformal group (5)
( y.vs A‘: SA: S-A)

This 1s an elght—d1mens1onal space, globally parametrized by co-ordinates
(x*, 04,8 ) the point with co-ordinates (x*, 8, %) being canonically associated with
the coset representative

6" %n = exp(x*P, + 6°Qu + 02 Q4). (6)

We may now find a representation of the superconformal algebra terms of the
Killing vectors which act on fields defined on this space, i.e. for each generator T we
seek an operator 87 such that

[T; @(x,u, BA’ e_A)] =3T¢(xp., eAs EA)‘ (7)
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The action of a superconformal transformation on a superfield ¢(x,, 64, 81) may be
computed as follows: If T is any generator of the superconformal algebra then
To(x, 6, Oy =" (¢7* *T " ¥)¢(0) (8)
(since e* X (0)= ¢(x, 6, §)).
This may now be evaluated using the Baker-Campbell-Hausdorff formula:
e kT e K = Z — [[ ALz, K],z.K],...,z. K] (n brackets). (9)

Since no confusion will arise, we may henceforth denote both the abstract generator
T and its associated Killing ﬁeld &r simply by T. '

Thus, we find the generators are realized as differential operators on superspace
as follows: (N.B. 9, =93/9x"; 8,=9/36";3.=3/36")

P.=d, Qa=datichif%,  Qi=dz+icka6?3,
D =—x*3,—36%9,—+6%3.+A
M, =%,3,—X,3,+30%0,,.505 —310°5,.:535 + 3,
A=30%9,— 3645, + ) .
8, = (10205484 — 0% +x,0%50%)3, = 26%3 4+ (ix* 0, 4% —20,8%)33
+ 050K LE, 20, A+ Py , (10)
§i= (1620440 — G x* — x,5%%6%)9, — 2075 4+ (ix“ G, 4" — 28,0735
— 0PGHSS,, F 20 A~ Bt + Py

K,_L_ =2x,x"8, — x°3, — 0°0%3,, + (%, 0% —x"0,,,* 0% —16°G,5*0%)a .

(2, 84+x75,,508° —if *g,, 595 )aa+ 0%6,430%8," "2,
+i0%,45Fs + 1046, 4P F s +100, 45000 —2x, A~ 2X"3,,, + K,

where the operators {A ZF,,, A, Fa, Fa, x,.} form a representation of the isotropy group
{D, M,,,A S,, S84, K.} at the point (x, 8, 8) =(0,0,0), ie.

De(0)=A¢(0) 840 (0) =Fap(0)
Moe(0)=%,0(0)  Sip(0)=Fp(0) (11)
Ap(0) = A (0) K¢ (0)= k,0(0). )

A is known as the dilatation weight and &f the chiral weight of the field being acted
upon. In an irreducible representation, these are scalars, by an application'of Schur’s
lemma. We wish to consider actions constructed from irreducible supermultiplets of
component fields, and in the standard way we achieve this by imposing chiral constraints
on our superfields. A superfield ¢ (&) is said to be chiral (antichiral) if Dje =0
(D¢ =0), where

—icrﬁ,qe“"&#

Dy=—r:
47 987
(12)

N
DA:G?{._IGZAG 8,

are the usual super-covariant derivatives.
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In a superconformal model, the fields transform as
p(z) > p(zy=e"To(z) e 7 (13)

where T is any generator of the isotropy group and ¢ is a2 parameter carrying appropriate
Lorentz indices. ‘

Consider the action of a left-handed special supersymmetry transformation on a
chiral superfield ¢. To lowest order in the parameter 7 we have

8p(z) =[(2), 7851 (14)
In order that this transformation be consistent with chirality we require

Dydp(z)=0 | (15)
which is satisfied provided

{54, Ds}o(z)=0. : (16)

A short shows that
{84, Dy} =2e5aA— e5488 — 5455, +463D, an

and applying this to a scalar field, we find that 2A= o
By a similar argument, an antichiral field must satisfy

{Sa, Dg}¢ =0. : (18)
Now
{84, Dp}=28psA+ epasf +05p%,,, — 46D, (19}

and thus an antichiral field has 2A = —4.

We may also consider superfields with external Lorentz indices. Taking into account
Lorentz rotations, we find that a spinor superfield ¢,z With Ditfapc. =0 has 2A= o,
while §ize. With Dadrase. =0 has 2A=—g.

For spinor fields with both dotted and undotted indices we find that the condition
{84, Ds}r =0 is inconsistent, and thus these fields may not appear in a conformally
invariant action. We note also that since a vector index may be replaced by a pair of
spinor indices, one dotted, one undotted, fields carrying vector indices also may not
appeat.

We note here that a similar argument applies in the case of a two-dimensional field
theory—here the dilatation and chiral weights are replaced by the so-called superweight
Z and chiral charge 7. The two-dimensional superconformal algebra contains as a
subalgebra the super-Mobius algebra, whose structure mirrors that of the full supercon-
formal algebra in four dimensions. Consequently it follows from the above that a chiral
field ¢ has 28¢ =7 while an antichiral field & has 25¢ = —, in agreement with the
four dimensional case. This relation is also readily apparent from the N =2 supercon-
formal algebra [9]. ' '

3. Immediate consequences

Before looking at the consequences of this result for four-dimensional field theories,
it will be illustrative to consider the two-dimensional Landau-Ginsburg models with
N =2 supersymmetry.
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Landau-Ginzburg models are of interest because of the identification between the
conformal models obtained from them at a renormalization group fixed point, and the
N =2 series of minimal superconformal models (see [5] and references therein).

The action for a Landau-Ginsburg model- {in (2,2) Buclidean superspace} is
given by

SLG=—J Ex d*s ¢¢+{g I d*x dzei (,0"+0.C.} (20)

where Do =0. Notice that the interaction term is not classically conformally invariant
since the coupling g is dimensional. At a quantum mechanical fixed point, the action
will be superconformally invariant. The chiral generator 7, is given by

a -9 ‘ )
T Bae+6‘aé.+9'. . (21)
If we know that a non-trivial infra-red fixed point exists and that the interaction is of
the form of equation (20) at this fixed point then invariance of the interaction term
requires that the chiral charge of the field ¢ is 2/»n and by the above argument its
superweight must be 1/n We note that the fixed point is outside the range of normai
perturbation theory-and that there are quantum corrections to the effective poténtial.

Returning to four dimensions, we now consider the various renormalizable N =1
supersymmetric field theories. The crux of the matter is that the chiral weight of a field
may be determined by examining the interaction term of the effective action at the
fixed point. Firstly, look at the Wess-Zumino model, whose effective actions contains
the terms

‘ - A
sz=J d*x d*e @,ﬁ“ d*x dzf’g} ¢3+h.c.} (22)

where Die =0. At the fixed point, we have conformal invariance, and in particular
invariance under the chiral transformation, whose corresponding Ward identity is given
by: '

8l w2
Sg(x, 8)

Substituting the explicit forms of I'y; and A, we find that the chiral weight &f of ¢
is 2. From this we deduce the dilatation weight A = 1, which is of course the canonical
value, Hence we have reproduced the result of reference [1]. It is clear that this resuit
is largely a consequence of the N =1 non-renormalization theorem [10]. We now give
a manifestly supersymmetric version of the argument of reference [1]. '

84l wz = j d*x ¢°9 84p(x, 6) +h.c.=0. ’ (23)

4. Three point correlation fonction

The superfield three point function {o(x;, 8;, &,)¢(x2, 82, 8;)0(xs, 85, 85)) is uniquely
determined at the fixed point, since it satisfies the superconformal Ward identities

3 : .

_Zl Ee(zle(z)p(zh =0 , (2%
where E' are the operators {P.,, M., D', K, A\ Qi, Q4, Sk, §i}, which are found
from the previously given expressions by making the replacements
x—>x, 88,8 8 and also A A, o — o', etc.
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Due to the chiral nature of ¢, the resulting differential equations are most easily

solved by moving to a chiral co-ordinate basis; i.e. we make the replacement x* =

y*+i8%0% 184 so that the condition D4 — 0 becomes (3/684)p = 0. The @ dependence
of a correlator is determined by the total chiral charge

30

Y o (25)

i=1
of the fields it contains. In this case this is just three times the chiral weight of the
field ¢. Taking this to be arbitrary at this stage, we have three possibilities (excluding
the possibility that {p(z;)e(2:)¢(2;))=0). These take the form:

{e(z1)o(z)e(z)) = efagagf(h 2 V2, ¥3) (26)
3 3 3

{e(ze(z)o(z)) = _;2:.1 '§1 El afngekB(SAB ik +0'ABgfj;’Z 7

((P(zl)¢(z2)€p(23))_ Z E GJAG_;B(EABJ‘;J-%O-#V gi} ) (28)

=1 =1

where f, fij, Zijr, fj» 85 are functions of (3, y, ¥») to be determined by scale invariance
and supersymmetry. However, in the first case we find that supersymmetry cannot be
satisfied, and in the second case, special supersymmetry fails, so we must reject these
possibilities.. In the case with total chiral charge 6, the unique solution, with suitable
normalization, may be expressed in the form
2
{e{y1, 00 (y2, B2)o(ys, 93)>=_2@2_2 (29)
Y12¥13¥23

where &% = (y505+ 500+ y5 15?3’“)0-,‘,{§ and yy=y; —y,. Notice that &% is in fact by
itself a super-invariant quantity. It is immediate from the above three point function
that the dilatation weight of ¢ is canonical (i.e. A=1). We may also read off the chiral
weight of ¢, and verify that the rlation 2A = is indeed satisfied. Expanding ¢ in
component fields, we find this to be in exact agreement with the component three
point functions given in [1].

5. Extension to snpersymmetric gauge theories

We now extend this result to supersymmetric gauge theories. In the case of an abelian
gange group this is immediate. The action for pure super-QeD is given by

1 _
Ssqep=7¢ rye I dx d*¢ WAW,  where DyW, =0. (30)
Proceeding as in the Wess-Zumino case, the chiral Ward identity is given by
8T
8alsoen = J d*x d*¢ aﬂw"*-ﬁff%)m c.= (31)

where I'sqep is the quantum effective action, which contains the classical action Sgqep
given above. Substitution of the relevant expressions leads to the conclusion that the
chlral weight of W, is 3, and hence using our earlier result the mass dimension of W,
is £, the canonical value for a spinor field. It should also be possible to construct the
three point function (W, W W) from the superconformal Ward identities it satisfies,
however the calculations become rather involved.
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Extrapolation to the case of super-Yang-Mills is less straightforward. We have the
action

1 ‘ -
Ssvar =~ G CAG) J d*x d*6 tr(WAW,)  where tr( T;T}) = Co{ G) 8y (32)

T; being the generators of the gauge group in some representation.

The main complication here is that W, is not chiral, rather we bhave J; W, =0
where &, is a gauge-covariant super-covariant derivative, Instead we may consider
the composite gauge invariant operator tr{ W* W) which does satisfy D (tr( W2 W,)) =
0. At the fixed point, the action shows that this operator has chiral weight 6, and hence
dilatation weight 3. Since chiral and dilatation weights tend to add in the case of
composite chiral operators one would like to deduce from this that the dimension of
W, is canomnical.

We may now remark upon the existence of renormalization group fixed points in
these theories. In the case of the Wess-Zumino model, it was argued in [1], using the
massless extension of the Jost-Schroer theorem {6], that the only fixed point occurs
when the coupling constantis zero. From this, it was argued in [7] that the renormalized
coupling is forced to zero as the renormalization scale is moved to infinity, i.e. that
the theory is trivial.

In the case of super-QED, to which we may couple chiral matter fields in the standard
way, giving the action

1 ,
Ssasn = g7 J.d" &0 WAW, + J d*x d*0 G ¢*p (33)

the original form of the Jost—Schroer theorem is no longer applicable, since the proof
of this theorem requires positive definiteness of the Hilbert space of states of the
quantum theory, a condition not applicable in a gauge theory. However it seems that
this requirement is not strictly necessary, and an extension of the theorem to electrody-
namics was proved by Strocchi in [8]. This theorem states that if the two point function
of the electromagnetic field strength, (F,.F,.) satisfies the condition

S (X)Fou(0)) =0 S 34

then the theory is free. Using superconformal Ward identities we may analyse the two
point function {W,(y,, 6,) Wg(32, 6,)). We are once again using chiral variables here,
and the technique is identical to that described in section 4 above. Indeed we find
that, up to an arbitrary normalization

£ag02
{Waly1, 31)W5(3’2= 8:))= f = ' (35}
12

where y;;=y,—¥, and 8,,=6,— 06, )
From the above expression we may easily find the component field correlators. The
chiral ¢ expansion of W, is

W =Aa— 05045 F,, + 0, D —50%Ls. - T (36)

Hence we have Fpa = Dz Wle~o Where F,p=304%F,,. Ta;king appropriate covariant
derivatives of { W, W) we find that

EapEpc Tt £BDEAC
J’ 12

{Fap(y1)Fcp(y:h) = (37)
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Trading the spinor indices for vectorial indices, we find this to be equivalent to

Fuolver = Fuas
(Fup(31) Fpo{po)y = 282512 (38)
12

where 1., = (7u, —[(212) . (312) )/ ¥2,). This is the well known expression for the two
point function in QED, thus Strocchi’s result applies and we may deduce that super-Qep
at a fixed point is trivial.

In the case of the Wess-Zumino model, it was argued in some detail in reference
{71, using arguments of renormalization group flow, that the model is trivial, since the
effective coupling is driven to zero in the infra-red limit. This is 2 consequence of the
fact that the B8 function must necessarily be-positive for all values of the coupling, and
thus thers is a one to one correspondence between the effective coupling and the
renormalization scale. We have shown that the 8 function for super-QED has this
property also, and hence it would seem likely that this rather general argument can
indeed be extended to the case of super-QED.

If we were able to prove a theorem analogous to that of Strocchi for the case of
non-abelian gauge fields, then we would also be able to argue for the triviality of the
super-Yang-Mills model. However at present we know of no such extension to the
theorem.

6. Summary

From interactions of the types considered we may build the most general renormaliz-
able N =1 supersymmetric quantum field theory. We have thus established that all
{gauge invariant) fields appearing in any such model have zero anomalous dimension
at a renormalization group fixed point. It remains an open question, however, as to
whether non-trivial fixed points exist in supersymmetric non-abelian gauge theories.
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